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Abstract
Consider the enveloping algebra U(g) of a complex semisimple Lie algebra g. The heart of a prime ideal
I of U(g) is the center of the total ring of fractions of U(g)/I . This is an extension field of the field of
fractions of the center of U(g)/I . Let d be the degree of this field extension.
An old problem of J. Dixmier asked whether d = 1. A recent paper of the second author [R. Rentschler,
A negative answer to the problem of Dixmier on hearts of prime quotients of enveloping algebras, preprint,
2004] gave a negative answer by an example in sl4. The present paper provides many more examples,
involving the so-called sheets of primitive ideals introduced and studied by A. Joseph and the first author
in [W. Borho, A. Joseph, Sheets and topology of primitive spectra for semisimple Lie algebras, J. Algebra
244 (2001) 76–167]. A sheet corresponds to a prime ideal I which has a heart of degree d. The main result
of this paper is that d equals the covering degree of the sheet as introduced in [W. Borho, A. Joseph, Sheets
and topology of primitive spectra for semisimple Lie algebras, J. Algebra 244 (2001) 76–167, 8.7].
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1.1. The basic question
Let g be a semisimple complex Lie algebra with U(g) its enveloping algebra. Let I be a prime
ideal in U(g). By Goldie’s theorem there exists a total ring of fractions Q(U(g)/I ) of U(g)/I ,
and this is a matrix ring over a skew field. So the center of Q(U(g)/I ) is a field C(I), called the
heart of I . This is an extension field of the fraction field of the center of U(g)/I . Let d be the
degree of this field extension. One can prove that d is finite. J. Dixmier [Dix2, Problem No. 8],
asked whether d is always 1 or in other words whether all hearts are trivial. The second author
showed recently [Re] that this is not the case by giving an example for g = sl4 with d = 2. One
of the purposes of the present paper is to give more examples, involving the so-called sheets. The
fact that the base field C is uncountable is used in an essential way.
We would like to point out that the example given in [Re] does not enter in the present frame-
work.
1.2. Sheets
The notion of sheets of primitive ideals was introduced and studied in [BoJo] by A. Joseph
and the first author. One of many equivalent definitions is as follows: A sheet S in the primitive
spectrum of U(g) is a maximal irreducible subset with constant Gelfand–Kirillov dimension
and bounded Goldie-rank [BoJo, 5.5]. Since S is irreducible it determines a prime ideal I =⋂
S. Conversely, this prime ideal determines the sheet as the set of minimal primitive ideals
containing I . We shall determine the degree of the heart of I in terms of the corresponding
sheet S.
1.3. The result
Let S be a sheet, and let π be the projection map J → J ∩ Z(g) from S to the maximal
spectrum of the center Z(g) of U(g). We identify the image of π with the maximal spectrum
MaxZ of the center Z of U(g)/I . Then by [BoJo, 8.6] the restriction π ′ of π to a suitable open
dense subset S′ of S is homeomorphic to an unbranched (finite) covering α :A → B of algebraic
varieties in the following sense: There exists a commutative diagram
A
ϕ
S′
B
ψ
(MaxZ)′
with ϕ and ψ homeomorphisms, ϕ an isomorphism and (MaxZ)′ the image of S′. This diagram
is explicitly given (see [BoJo, p. 152]) up to the size of the open sets.
So we can define the covering degree c of the sheet S as the cardinality of the fibre of π ′ :S′ →
(MaxZ), see [BoJo, 8.7]. Now the main result of our present paper is that c = d . That is to say:
Theorem 1.1. Let I =⋂S be the prime ideal corresponding to the sheet S. Then the degree d
of the heart of I equals the covering degree c of S.
326 W. Borho, R. Rentschler / Journal of Algebra 304 (2006) 324–348This relation of the heart degree with the degree of a sheet covering is particularly interesting
because it is shown in [BoJo] how the latter can be rather explicitly and easily computed.
1.4. Nontrivial covering degrees
The covering degree of a sheet can be greater than 1, see [BoJo, 8.8, 8.9]. Hence we get
examples of hearts of prime ideals with degree d > 1. For type D5 we get examples with d = 2
by [BoJo, 8.8], and for type E6 we get examples with d = 3 by [BoJo, 8.9].
2. Description of the sheet by parabolic induction
2.1. Terminology
We recall some notation and terminology from [BoJo]. Let p be a parabolic subalgebra of g
with nilradical m and Levi subalgebra l with center z. Given a primitive ideal J in U(l) and a
linear form λ ∈ z∗ (where z∗ denotes the dual of z) we define the induced ideal in U(g) by
Ip(J,λ) := Ann
(
U(g) ⊗U(p)
(
U(l)/J ⊗ Cλ
))
,
where Cλ is the one-dimensional p-module of weight λ (we identify here z∗ with (p/[p,p])∗) and
U(l)/J is regarded as a left p-module with trivial action of m (the tensor product U(l)/J ⊗ Cλ
is a tensor product of representations of p).
Let h be a Cartan subalgebra of g contained in l, R the system of roots of (g,h) and R+ a
system of positive roots (such that p contains all positive root spaces). By Duflo’s theorem [Du],
J = AnnL′(ν) is the annihilator of a simple highest weight U(l)-module L′(ν) (with highest
weight ν) where ν ∈ h∗. This module shall even be regarded as a p-module with trivial action of
m (the notation L′ shall indicate this situation: a simple highest weight l-module regarded as a
p-module).
In the following, we shall assume that J is a distinguished primitive ideal of U(l); this means
that by definition (see [BoJo, 4.3]) z is contained in J , and thus z annihilates L′(ν), or equiva-
lently ν(z) = 0.
We define the prime ideal
I := Ip
(
J, z∗
)= AnnU(g)
(
U(g) ⊗U(p)
(
L′(ν) ⊗ R(z∗))
with R(z∗) = S(z) the regular functions on z∗ (S(?) denotes the symmetric algebra). Here
R(z∗) = S(z) is regarded as p-module via the k-linear form on p with values in S(z) (which
is the identity on z and zero on [p,p]). We shall call this module the regular canonical module
(cf. Section 7).
2.2. Rigid ideals
A primitive ideal is rigid, if it is not induced from a proper Levi subalgebra. It is called
completely rigid, if it is not almost induced from a proper Levi subalgebra. Here a primitive ideal
is called almost induced if it is minimal over an induced ideal. Let X denote the set of primitive
ideals of U(g). Then we consider the set of induced primitive ideals
Xp
(
J, z∗
)= {P ∈ X | P = Ip(J,λ), λ ∈ z∗
}
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X¯p
(
J, z∗
)= {P ∈ X | Ip(J,λ) ⊂ P minimal, λ ∈ z∗
}
.
Then these sets are irreducible, and the corresponding prime ideal is Ip(J, z∗) =⋂ X¯p(J, z∗).
2.3. Description of sheets
Let S be a sheet as defined e.g. in the introduction (1.2). Then by [BoJo, 6.8] there is a
parabolic subalgebra p with Levi subalgebra l of center z such that
S = X¯p
(
J, z∗
)
for a suitable completely rigid (and distinguished) primitive ideal J of U(l). The corresponding
prime ideal is
I := Ip
(
J, z∗
)=
⋂
S.
3. The idea of the proof of the main result
3.1. Description of the unbranched covering situation
First of all, we recall the precise situation: Let z∗prim denote the subset of those elements λ in z∗
for which Ip(J,λ) is primitive (J is fixed). It follows from the second proposition in [BoJo, 8.3]
that z∗prim contains an open dense subset of z∗. Let W be the Weyl group of (g,h) and Wz the
stabilizer of z in W . Wz operates modulo inner automorphisms via diagram automorphisms on
U(l), hence on the primitive spectrum PrimU(l) and on the center Z(l) of U(l). Let Fˇ denote
the stabilizer in Wz of J and Hˇ the stabilizer in Wz of the central character of J . If we regard
z∗ as quotient of h∗ then the ρ-shifted action (“dot-action”) of Wz on h∗ passes to z∗, where ρ
is the half sum of positive roots of g. Following [BoJo, 8.6] this action on z∗ is denoted by “:”
(for a detailed explanation see 15.1). By [BoJo, 5.4(∗)] one has Ip(J,λ) = Ip(J,w :λ) for all
λ ∈ z∗ and all w ∈ Fˇ . By [BoJo, 8.6], Ip(J,λ) and Ip(J,w : λ) have the same central character
for all w ∈ Hˇ . Moreover, on a dense open Hˇ -stable subset which can be chosen as a special
affine open subset D(s) (D(s) = {λ ∈ z∗ | s(λ) 
= 0}, where s is some H:-stable element of S(z)
of z∗) contained in z∗prim, one has injectivity modulo Fˇ in the first case and injectivity modulo
Hˇ in the second case (i.e., concerning the central character). One can suppose that the natural
projection D(s)/Fˇ: to D(s)/Hˇ: is unramified ([BoJo] still divide out a trivial action by a normal
subgroup W ′ of Wz and work with groups F = Fˇ /W ′ and H = Hˇ /W ′). The algebraic variety A
of Subsection 1.3 of the introduction can be taken as D(s)/F:; ϕ is the map induced by Ip(J, ?).
The covering degree of the sheet is then the group index [H : F ].
3.2. Outline of the proof of Theorem 1.1
The idea of the proof is the following: We define a suitable countable H -stable multiplica-
tively closed subset T0 of S(z) containing s. Then we shall be able to identify the image of z∗T0(= {λ ∈ z∗;λ(t) 
= 0 for all t ∈ T0}) under Ip(J, ?) in Prim(U(g)/I ) with the maximal spectrum
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will contain Z and has C(I) as its fraction field. The above identification will be compatible with
taking central characters, that is with taking intersections with Z. The subalgebra C1 will be of
the form C0 ⊗k C where k is a countable subfield of C and C0 is a countable extension field of k.
Then we show that the restriction of Ip(J, ?) to z∗T0 followed by the above identification map
is an algebraic map (see 4.1). Therefore this algebraic map induces a birational algebraic map
between z∗T0/F: and Max(C1). We deduce that the comorphism of the algebraic map establishes
an isomorphism of C(I) with the rational function field (FractS(z))F: of z∗/F: (for commuta-
tive algebras without zero divisors we denote by Fract(?) its fraction field), especially C(I) is
sufficiently large to give (via this comorphism) all F:-invariant rational functions on z∗, which
is the main point of this paper (see also Proposition 15.1). Since the central characters of the
ideals Ip(J,λ) for λ ∈ z∗T0 are exactly stabilized by H , the fraction field of Z will be identified
with (FractS(z))H: . So the field extension FractZ ⊂ C(I) is seen to be canonically isomorphic to
the field extension (FractS(z))H: ⊂ (FractS(z))F: and the common degree of both of these field
extensions is [H : F ], the covering degree of the sheet.
We shall call this comorphism from C1 to S(z)T0 the “missing link.” We shall find a natural
candidate for this missing link and this candidate indeed will do the job.
In the proof we shall use in an essential way base field extensions and the properties of the
functor of rational ideals as developed in [BGR]. The identification of a subfunctor of the co-
variant functor of rational ideals with a certain Hom-functor Homk-alg(∗, ?) of k-algebras (see
Section 7) will give the desired identification of the image of z∗T0 with the maximal spectrum of
a commutative k-algebra of countable dimension.
4. Some notations
4.1. General notations, especially concerning enveloping algebras
Here we shall put together the meaning of some notations, even if they have already been used
in the two previous introductory sections.
In the following, k will be a field of characteristic zero. Later on we shall switch to the case
k = C. We denote by ⊗ the tensor product over the base field. We shall sometimes work with base
extensions or even over k-algebras. If α is a k-homomorphism from one commutative k-algebra
A1 in another commutative k-algebra A2, we shall denote by ⊗(A1,α)A2 the tensor product with
A2 over A1 with respect to the homomorphism α.
If g is a finite-dimensional Lie algebra over k then we denote by U(g) the enveloping algebra
of g, by S(g) the symmetric algebra over g and by Z(g) the center of the enveloping algebra.
Later on, g will usually denote a semisimple Lie algebra.
For commutative Lie algebras, the enveloping algebra and the symmetric algebra coincide.
We may regard S(g) as polynomial functions on the dual g∗ of g. The adjoint action adg on g is
defined by (adg(x))(y) = [x, y] for any x, y ∈ g; the adjoint action extends to the adjoint action
of g on U(g) and on S(g).
Sometimes we shall work with enveloping algebras over a base field extension K of the
ground field k or even over commutative k-algebras A. In these cases we should denote the
enveloping algebra over A by UA(?). However in these cases the only Lie algebras we consider
are of the form g⊗A and we use instead the notation U(?) if it is clear from the context that the
enveloping algebra has to be taken over A. If we have a tensor product of representations of a Lie
algebra, we sometimes denote such a tensor product by ⊗Δ, where the Δ is just a hint that the
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induction and extensions of scalars are widely used in this paper, this notation reduces possible
confusions.
For any k-algebra we denote by Max(?) (see also 1.3) the spectrum of maximal ideals (with its
Jacobson topology). If the base field is algebraically closed and uncountable and if we have two
commutative k-algebras A1 and A2 of countable dimension and if α is a map from Max(A2) to
Max(A1), then we call α an algebraic map, if there is a k-algebra homomorphism α
 from A1 to
A2 such that for any maximal ideal M of A2 we have α(M) = (α
)−1(M). The homomorphism
α
 is uniquely determined if it exists; in this case we call α
 the comorphism of α (some authors
call it also the pullback of α).
4.2. Notations related to a split semisimple Lie algebra
Let (g,h) be a semisimple split Lie algebra where h is a splitting Cartan subalgebra. As in 2.1
we denote by R = R(g,h) the root system of g with respect to h. We denote as usual by W the
Weyl group given by R(g,h). For a root α let gα be the (one-dimensional) α weight space of
g. Then [gα,g−α] is a one-dimensional subspace of h containing a unique element hα such that
α(hα) = 2. This well defined element hα is called the coroot of α.
If we choose a system R+ of positive roots, then we have the usual triangular decomposition
g = n− ⊕ h ⊕ n+ of g associated to h and to R+. As in 3.1 we denote by ρ the half sum of
positive roots. This triangular decomposition of g induces the following decomposition of U(g):
U(g) = (n−U(g) + U(g)n+) ⊕ U(h). Let Pr :U(g) → U(h) be the projection from U(g) onto
U(h) = S(h) associated to this decomposition. Let U(g)h denote the elements of U(g) which
commute with h. In particular U(g)h contains the center Z(g) of U(g). The restriction of Pr to
U(g)h is a homomorphism (of algebras). We denote by hc its further restriction to Z(g). This
homomorphism from Z(g) into S(h) is called the untwisted Harish-Chandra homomorphism. It
is well known that this homomorphism is injective and that S(h) is finite over the image of Z(g).
Indeed the image of Z(g) are the invariants of S(h) under the so-called twisted action (“dot-
action”) of the Weyl group W . This twisted action of W on h∗ is defined as w.μ = w(μ+ρ)−ρ.
5. Primitive ideals, rational ideals and minimal primitive ideals
In this section, we consider ideals of an enveloping algebra of a Lie algebra g over the base
field k (the characteristic is always zero).
Primitive ideals are the annihilators of irreducible representations. Usually one considers left
modules. For enveloping algebras it turns out that left and right primitive ideals coincide. Fol-
lowing Goldie, any prime noetherian algebra has a classical (total) ring of fractions. As above
(Section 1.1), such a total ring of fractions shall be denoted by Q(?). If P is a prime ideal of a
noetherian k-algebra, then (as in 1.1) we denote by C(P ) the center of the total ring of fractions
of the quotient algebra modulo P . This is the heart of P . An ideal is called rational if it is prime
and if its heart is reduced to the scalars.
Let K be a base field extension of k. Suppose that U is a noetherian k-algebra such that
U ⊗ K is still noetherian. Let P1 be a prime ideal of U and P2 be a prime ideal of U ⊗ K such
that P1 = P2 ∩ U . Then we have a natural inclusion of the total ring of quotients Q(U/P1) ↪→
Q((U ⊗ K)/P2) inducing an injective homomorphism C(P1) ↪→ C(P2).
330 W. Borho, R. Rentschler / Journal of Algebra 304 (2006) 324–348Notation 5.1. We denote the above injective homomorphism C(P1) ↪→ C(P2) between the two
hearts by j (P1,P2) or more precisely by jk,K(P1,P2) if k and K should be specified.
Later on, we shall often have the situation where P2 is a rational ideal of the K-algebra U ⊗K .
Then we get an injective homomorphism from C(P1) into K .
Lemma 5.1. Let U , K , P1, P2 be as above. Suppose that P2 is a rational ideal in U ⊗ K and
that M is a faithful module for U/P2. Then the representation of U(g)/P1 by K homomorphisms
in M extends in a unique way to a representation of (U/P1)C(P1) by K-homomorphisms in M ,
where the heart C(P1) operates by the above defined injection j (P1,P2) of C(P1) into K .
Proof. The existence comes from the inclusion (U/P1)C(P1) ↪→ (U ⊗K)/P2. The uniqueness
follows from the fact that if uv−1 ∈ C(P1), u ∈ U/P1, v a nonzero divisor in U/P1, then there
can be only one scalar λ in K , such that u and λv operate in the same way in M . 
Let now M be an irreducible representation of a noetherian k-algebra U . We recall the fol-
lowing result given in [BGR, Satz 3.2] (see also [Ra]):
Proposition 5.1. Let P be the annihilator of an irreducible representation M of a noetherian
k-algebra U and let C(P ) be the heart of P . The representation of U/P in M extends in a unique
way to a representation of (U/P )C(P ) in M . The image of C(P ) in this extended representation
is contained in the U -endomorphism ring HomU(M,M) of M .
If g is a Lie algebra over an algebraically closed field, then by Quillen’s lemma [Qui] the en-
domorphism ring of any irreducible representation is reduced to the scalars. Hence in enveloping
algebras over algebraically closed fields any primitive ideal is rational. By results of Dixmier
(for uncountable base fields) and Moeglin, also the converse holds [Dix3,Moe]. In the semisim-
ple case there are only finitely many prime ideals having a given central character [Dix1]; this
implies that all such prime ideals are primitive (thus giving “the converse” in the semisimple
case). Usually we are working in the semisimple case where the mentioned result of Dixmier
and Moeglin is not needed; only the last section deals with the case of an enveloping algebra of
a general Lie algebra.
Corollary 5.1. Let (g,h) be a split semisimple Lie algebra over k with a triangular decomposi-
tion g = n− ⊕ h ⊕ n+.
(i) If M is an irreducible highest weight module for U(g) then the annihilator of M in U(g)
is a rational ideal.
(ii) Let K be a base field extension of k, let M be an irreducible highest weight module
for g ⊗ K , and let P be the annihilator of M in U(g). Then the representation of U(g)/P
by K-homomorphisms extends in a unique way to a representation of (U(g)/P )C(P ) by
K-homomorphisms in M . C(P ) operates by scalars in K via a canonical k-algebra injection jˇM
(which coincides with jK(P,Ann(U(g)⊗K)(M))) of C(P ) into K extending the restriction of the
given representation to the center of U(g)/P . In particular, the center of U(g)/P is operating
in M via scalars in K .
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Since the heart of the annihilator of M maps in the endomorphism ring of M , the annihilator of
M is a rational ideal.
(ii) The annihilator of M in U(g)⊗K is a rational ideal of U(g)⊗K by (i). The extension of
the representation of U(g)/P in M to a representation of (U(g)/P )C(P ) by K-homomorphisms
is given by Lemma 5.1. 
The short argument for the proof of (i) had been indicated to us by the referee.
In case the ideal P is such that it is the defining prime ideal I of a sheet given by induction
from a parabolic subalgebra p, this construction will allow us to identify C(I) with an appropriate
subfield of the field of fractions of S(p/[p,p]).
Rational ideals behave nicely with respect to base field extensions and also with respect to
classical localization. Hence it is often useful to switch from primitive ideals to rational ideals,
especially if one is working with non algebraically closed base field extensions. Moreover, at
least in the semisimple case, it turns out to be useful to work with minimal primitive ideals.
For noetherian k-algebras let us denote by Prim(?) the spectrum of primitive ideals, by Max(?)
the spectrum of maximal ideals, with Rat(?) the spectrum of rational ideals and by Primmin(?)
the spectrum of minimal primitive ideals.
6. Extension of scalars
6.1. Definition of MA,λ and of IA(J,λ)
In this section, let k be an algebraically closed field of characteristic zero. In this section
we are working over k rather than over C. A tensor product without subscript means the tensor
product over k. We keep all the Lie algebras as before: g, h, n+, n−, p, z, l, m. Only the base
field C is replaced by k. Moreover we put h1 := [l, l] ∩ h. As before, we take an element ν ∈ h∗
with ν(z) = 0. Hence the primitive ideal J := AnnU(p)(L′(ν)) (cf. Section 2.1) is distinguished,
meaning that it contains z. Only in a later stage, we shall suppose that J is completely rigid. We
recall that we regard L′(ν) as a U(p)-module with trivial action of the unipotent radical m of p.
We shall denote by m− the unipotent radical of the opposite parabolic (of p). So we have a vector
space decomposition g = m− ⊕ p.
Now, let A be a commutative algebra over k and let λ be a k-linear form on z with values
in A. The enveloping algebra of Lie algebras over A should be denoted by UA(?); but if there is
no doubt on A we simply write U(?) (see Section 4.1) instead of UA(?).
Now we put
MA,λ := U(g ⊗A) ⊗U(p⊗A)
((
L′(ν) ⊗ A)⊗ΔA Aλ
)
.
Here Aλ is A regarded as p ⊗ A-module of rank one, where p operates in the following way:
z operates trough λ and [p,p] is operating trivially. The last tensor product: (L′(ν) ⊗ A) ⊗ΔA Aλ
is a tensor product of representations of p⊗A (this is indicated by the Δ over the tensor product,
in accordance with the convention of 4.1). Let us remark, that for this notation MA,λ the element
ν ∈ h∗ has to be fixed.
The extension of elements λ in z∗ (or more general, of k-linear forms on z with values in A) by
zero on h1 := h∩ [l, l] is denoted by i(λ). Let us just mention that the decomposition h = z⊕ h1
is an orthogonal decomposition with respect to the Killing form on h. Differently from [BoJo]
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use the notation with “i”). Let us mention that the composite map
z∗  (p/[p,p])∗ ↪→ p∗ → h∗
coincides with i.
Sometimes we identify A-linear forms on h ⊗ A or on z ⊗ A with their restrictions to
k-linear forms on h respectively on z. This means that we identify the A-linear dual of g ⊗ A
with Homk(g,A) but not with g∗ ⊗ A. The identification of Homk(g,A) with HomA(g ⊗ A,A)
takes λ ∈ Homk(g,A) to λ ⊗ idA. If λ is a k-linear form on z with values in A, then as before
we denote by i(λ) the extension of λ to a k-linear form on z (with values in A) by mapping the
Killing-orthogonal complement h1 of z to zero.
In the case A = k we write just Mλ for MA,λ (the notation in [BoJo] is M(ν + λ) where z∗ is
identified with its image i(z∗) in h∗); since ν is fixed we do not need to carry ν in the notation.
We denote by IA(J,λ) the annihilator of MA,λ in U(g ⊗ A). If A = k, then we may omit the
subscript A (= k) and I (J,λ) is the same as the Ip(J,λ) in Section 2. For the moment we do not
assume that J is completely rigid. Since p is fixed, we do not need to carry p in the notation.
Remark 6.1. If K is a field extension of k, then we can either regard K as an algebra over k or
as a another base field. But it is evident that for λ ∈ z∗ the notions IK(J,λ ⊗ idK) (K regarded
as k-algebra) and IK(J ⊗K,λ ⊗ idK) coincide.
6.2. Irreducibility in general of Mλ and freeness of MA,λ
We keep the notation R ⊂ h∗ for the root system of g and we denote by R′ ⊂ h∗ the root
system of (l,h). For each root α we denote as before by hα ∈ h its coroot.
From [BoJo, 5.2, 4.8 and 4.10] (see also [Ja]) we take the following proposition.
Proposition 6.1. Let λ ∈ z∗. If for every root α ∈ R+ \R′+ we have i(λ)(hα) /∈ Z where hα ∈ h∗
denotes the coroot corresponding to α, then Mλ is irreducible and I (J,λ) is primitive.
As above, let λ be a k-linear form on z with values in A. Then we have:
Lemma 6.1. The U(g ⊗ A)-module MA,λ is a direct sum of weight spaces for h ⊗ A generated
by a highest weight element of weight ν+ i(λ). All the weight spaces of MA,λ are free A-modules
of finite rank.
Proof. We can recover the h⊗A-structure of MA,λ if we regard the h-module U(m−)⊗Δ L′(ν)
(tensor product of h-representations; h operating by the adjoint action on U(m−)) extend it by
tensoring with A to a h ⊗ A-module, and then shift the h-action by i(λ) so getting U(m−) ⊗Δ
L′(ν) ⊗Δ Ai(λ). 
The freeness of MA,λ over A will allow base changes to have good properties. Let us remark:
Lemma 6.2. Let A1 and A2 be two commutative k-algebras and α be a k-homomorphism from
A1 to A2. Then we have
MA2,α◦λ = MA1,λ ⊗(A1,α) A2.
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Corollary 6.1. Let A be a commutative k-algebra and let X be a set of k-algebra homomor-
phisms from A to k such that the intersection of their kernels is zero, then the annihilator of
MA,λ in U(g) is the intersection of all I (J,α ◦ λ) with α ∈ X.
Corollary 6.2. Let λ ∈ z∗. If A is any commutative k-algebra then we have IA(J,λ ⊗ idA) =
I (J,λ)⊗ A.
7. The regular and the rational canonical module
We keep the situation of Section 6. Let Q denote the field of fractions on S(z). Let can denote
the tautological k-linear form on z with values in S(z) which is just the identity on z. If we take
Q as target, then we denote this “tautological k-linear form with values in Q” by canQ.
We consider the following two natural modules for g⊗ S(z) respectively for g⊗Q: MS(z),can
and MQ,canQ . Since MQ,canQ is an irreducible (see Proposition 6.1) highest weight module for
g ⊗Q, it is absolutely irreducible and its annihilator is a rational ideal (see Corollary 5.1(i)).
Definition 7.1. The U(g ⊗ S(g))-module MS(z),can is called the regular canonical module; the
(irreducible) U(g ⊗Q)-module MQ,canQ is called the rational canonical module.
Let us remark that we get from the results of Section 6 the following lemma.
Lemma 7.1. Let K be an extension field of k, let α :S(z) → K be an injective homomorphism of
k-algebras. Let λα denote its restriction to a linear form on z with values in K and let α¯ be its
factorization through Q. Then we have:
(i) MK,λα = MS(z),can ⊗(S(z),α) K = MQ,canQ ⊗(Q,α¯) K ;
(ii) MK,λα is (absolutely) irreducible;
(iii) The natural map m → m ⊗ 1 :MS(z),can → MK,λα is injective.
Proof. (i) follows from Lemma 6.2, (ii) follows from (i), and (iii) follows from Lemma 6.1. 
If we take for α the inclusion of S(z) into Q we get the following corollary.
Corollary 7.1. The regular canonical module MS(z),can is contained in the rational canonical
module and we have MQ,canQ = MS(z),can ⊗S(z) Q.
According to the notation adopted in the introduction, we put I :=⋂λ∈z∗ I (J,λ). Let us re-
mark that the ideal I only depends on J (and z), whereas at this stage the rational ideal IQ(J, can)
(the canonical rational ideal) could a priori depend on the choice of ν. From Corollary 6.1 we
see that I is the annihilator in U(g) of the regular canonical module MS(z),can. Implicitly this
fact has already been used in Section 2.1 where the canonical regular module appeared already
in Section 2.1 as
U(g) ⊗U(p)
(
L′(ν) ⊗Δ R(z∗))
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Using Lemma 7.1 we obtain:
Proposition 7.1. Let K be an extension field of k. Let λ be a linear form on z with values in K .
If s(λ) 
= 0 for any nonzero s ∈ S(z), then IK(J,λ) is a rational ideal and we have IK(J,λ) ∩
U(g) = I .
Proof. In Lemma 7.1 let us take for α the evaluation map in λ. Then the regular canonical module
embeds canonically into MK,λ. This implies that IK(J,λ)∩U(g) is contained in I . Since MK,λ
is generated over K by the image of the regular canonical module, the ideal I annihilates MK,λ
and one gets the other inclusion. 
Later we shall work over C as base field, but we shall use this proposition with respect to a
smaller (especially countable) algebraically closed subfield k of C. As a special case (K = Q
and λ = canQ) of this Proposition 7.1 we get the following corollary.
Corollary 7.2. The ideal I =⋂λ∈z∗ I (J,λ) coincides with the annihilator in U(g) of the rational
canonical module MQ,canQ .
8. The canonical injection of the heart into Q
We keep the situation of Sections 6 and 7.
Since the rational canonical module MQ,canQ is an irreducible highest weight module, the
heart of IQ(J, canQ) is reduced to Q (see Corollary 5.1(i)). Since I = IQ(J, canQ) ∩ U(g) (see
Proposition 7.1) we have an inclusion U(g)/I ↪→ U(g ⊗ Q)/IQ(J, canQ) (I is defined as in
Section 7). This induces an inclusion of the total rings of fractions. By restriction we obtain
the injection jk,Q(I, IQ(J, canQ)) on the hearts from C(I) to Q and thus an injection from
(U(g)/I )C(I) into U(g ⊗ Q)/IQ(J, canQ).
Notation 8.1. We denote this canonical injection jk,Q(I, IQ(J, canQ)) of C(I) into Q =
Fract(S(z)) by ϕ
. In case k and I have to be specified, we write ϕ
k,I .
In particular, the representation of U(g)/I in MQ,canQ extends in a unique way (see Corol-
lary 5.1) to a representation of (U(g)/I )C(I) by Q-homomorphisms. By this, (U(g)/I )C(I)
embeds into EndQ(MQ,canQ).
Let us remark that the construction of this injective homomorphism ϕ
 :C(I) → Q is compat-
ible with base field extensions. Taking for k a suitable small subfield of C this canonical injection
on the level of k shall provide us with the “missing link” mentioned in 3.2.
9. A representable functor of rational ideals
In this section, k is any field of characteristic zero.
We shall need some results of [BGR, §3], on the behavior of rational ideals with respect to
base extensions. This can be interpreted as a nice functorial property of rational ideals. First of
all, if P is a rational ideal of U(g) and if K is a base extension of k, then P ⊗ K is a rational
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if it is clear from the context).
Now let I be a prime ideal of U(g). We regard its heart C(I) (for the moment, I is any prime
ideal; but later on I shall be our specific prime ideal as defined in Sections 2 and 8). Let us
consider the total ring of fractions Q(U(g)/I ) of U(g)/I . There is a natural homomorphism
of U(g ⊗ C(I)) to Q(U(g)/I ) which is the identity on C(I) and which extends the natural
surjection from U(g) to U(g)/I . We denote by Iˆ the kernel of the so defined homomorphism.
This ideal Iˆ is a rational ideal of U(g) ⊗ C(I) whose intersection with U(g) is I .
Notation 9.1. Let I be any prime ideal of U(g) and let K be any base field extension of k.
(i) We denote by RI (K) the set of rational ideals of U(g ⊗K) which intersect U(g) in I .
(ii) If P ∈ RI (K) then we denote by jK(P ) (= jk,K(I,P ) using Notation 5.1) the k-algebra
homomorphism from C(I) into K obtained by the restriction of the canonical inclusion
Q(U(g)/I ) ↪→ Q(U(g ⊗ K)/P ).
From [BGR, Satz 3.5 and Korollar 3.9] we take the following proposition.
Proposition 9.1. Let I be any prime ideal of U(g) and let K be any base field extension of k.
The two maps
P → jK(P ) :RI (K) → Homk-alg
(
C(I),K
)
and
α → Iˆ ⊗(C(I),α) K : Homk-alg
(
C(I),K
)→ RI (K)
are two inverse bijections.
Moreover, if P ∈ RI (K) and if β :K → K ′ is a further field extension, then we have
jK ′(P ⊗(K,β) K ′) = β ◦ jK(P ).
Remark 9.1. The above proposition can be interpreted (as in [BGR, Korollar 3.9]) in the fol-
lowing way: RI (?) and Homk-alg(C(I), ?) are two functors from the category of field extensions
of k to the category of sets. The family of bijections jK(?) (= jk,K(?)) is a natural equivalence
between these two functors; hence the functor RI (?) can be represented by Homk-alg(C(I), ?).
10. Definition over a countable subfield of C
In this section the base field is C. Let again be ν ∈ h∗ with ν(z) = 0, J = AnnU(l)(L′(ν))
and I =⋂λ∈z∗ I (J,λ). Later on (in Subsections 15.2 and 15.3) for the conclusion of the proof
of Theorem 1.1 we shall take ν in such a way that J is completely rigid, so that I defines the
corresponding sheet.
All the Lie algebras g, h, l, z, p, m, m− as well as the linear form ν are already defined on
an algebraically closed countable subfield k of C (if we want, we could already start from Z- or
Q-forms g00, h00, p00, z00 of g, h, p, z and then take k the smallest algebraically closed subfield
of C containing ν(z00)).
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m0, m0−, ν0. Similarly we denote all constructions over k with an index “0,” especially L′(ν0)
is the highest weight module of U(l0) with highest weight ν0 extended to a module of U(p0) by
trivial actions of z0 and of m0. J0 is the annihilator of L′(ν0) in U(l0). For a k-linear form λ on
z0, I0(J0, λ) is defined as the annihilator of Mk,λ (Mk,λ is defined with respect to the given ν0,
see Section 6). In accordance with earlier notation we put I0 := ⋂λ∈z∗0 I (J0, λ); we denote by
Z0 the center of U(g0)/I0 and by C0 the heart of I0.
Most of the corresponding objects over k and C correspond to each other just by tensoring
with ⊗kC. In particular, if λ0 is a k-linear form on z0 and if λ is its extension to a C-linear form
on z, then we have:
Mλ = MC,λ = Mk,λ0 ⊗k C, J = J0 ⊗k C and I (J,λ) = I0(J0, λ0) ⊗k C.
Remark 10.1.
(i) We have Z = Z0 ⊗k C.
(ii) Z is contained in C0 ⊗k C (where C0 ⊗k C is identified with C0C).
(iii) The heart C0 of I0 is contained in the heart C of I and the induced C-homomorphism from
C0 ⊗k C into C is injective; moreover C is the fraction field of the isomorphic image C0C
of C0 ⊗k C in C.
Indeed we have just to recall that U(g)/I = (U(g0)/I0) ⊗k C; moreover the fact that C is
generated as a field by C0 and C follows from [BGR, Satz 3.5c].
Notation 10.1. We denote by ϕ
0 the canonical injection (with respect to k as base field) C0
into Q0 = Fract(S(z0)), defined analogously to the map defined analogously to the map ϕ
 of
Section 8, and we call it the small canonical injection.
Remark 10.2. This small canonical injection ϕ
0 is (by definition) nothing else but
jk,Q0(I0, Ik(J0, canQ0)) (= jQ0(Ik(J0, canQ0)) in Notation 9.1). It is compatible with the canon-
ical injection ϕ
 from C into Q = Fract(S(z)).
11. Primitive ideals containing I being in very generic position and their parametrization
Let ν ∈ h∗, J ∈ PrimU(p), I ∈ SpecU(g) and the small subfield k be as in Section 10 (g is
over C).
We say that a primitive ideal P containing I is in a very generic position (with respect to the
choice of k and g0) if P ∩U(g0) = I0 (recall that I0 = I ∩ U(g0)).
From Section 9 we know that we have a canonical bijection jC from RI0(C) to Homk-alg(C0,
C). We denote by κ the bijection between Homk-alg(C0,C) and Max(C0 ⊗k C) (note that every
quotient of (C0 ⊗k C) by a maximal ideal is equal to C) which associates to any k-algebra
homomorphism α from C0 to C the kernel ker(α ⊗ idC) of α ⊗ idC (∈ HomC(C0 ⊗k C,C)).
So we may now deduce:
Proposition 11.1. The natural bijection jC (associated to I0) between RI0(C) and
Homk-alg(C0,C) followed by the identification map κ between Homk-alg(C0,C) and
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by the spectrum of maximal ideals of (C0 ⊗k C).
Notation 11.1. We denote by T0 the countable multiplicative subset of S(z) of nonzero elements
of S(z0) and (as in 3.2) by z∗T0 the subset of all λ ∈ z∗ with s(λ) 
= 0 for all s ∈ T0.
Proposition 11.2. Let λ ∈ z∗T0 . Then I (J,λ) is primitive and we have I (J,λ) ∩ U(g0) = I0, i.e.
I (J,λ) is in very generic position, this means I (J,λ) ∈ RI0(C).
Proof. Proposition 11.2 is an immediate consequence of Proposition 7.1 if one replaces g by g0,
J by J0 and I by I0. 
Now we take again J0 and hence J = J0 ⊗k C as before (not necessarily completely rigid);
we recall that Z = Z0 ⊗k C ⊂ C0 ⊗k C.
We shall need the compatibility of the bijective map κ ◦ jC :RI0(C) → Homk-alg(C0,C) →
Max(C0 ⊗k C) with taking central characters:
Lemma 11.1. Let P be a primitive ideal of U(g)/I in very generic position. Let M =
κ(jC(P )) = ker(jC(P ) ⊗ idC) be the corresponding maximal ideal of C0 ⊗k C. Then we have
P ∩Z = M ∩ Z.
Proof. The homomorphism jC(P )⊗ idC is the composition of the natural C-algebra homomor-
phisms
C(I0) ⊗k C ↪→ Q
(
U(g0)/I0
)⊗k C → Q
((
U(g)/I
)
/P
)
.
Its restriction to Z = Z0 ⊗k C is nothing else than the canonical projection Z → Z/(Z∩P) from
Z into (U(g)/I )/P . Hence the kernel M of jC(P ) ⊗ idC meets Z in Z ∩ P . 
12. The identification of central characters and the missing link
We keep the situation and notations (g, p, l, h, z, I , J , ν, Z, C, g0, p0, l0, h0, z0, I0, J0, ν0, Z0,
C0, . . . ) as in the Sections 2.1, 6 and 10. The base field is C and the smaller countable subfield
(over which all is defined) is k. The map i : z∗ → h∗ denotes (see Section 6) the extension of a
linear form on z to a linear form on h by zero on the Killing orthogonal complement [l, l] ∩ h
of z.
We have I =⋂λ∈z∗ I (J,λ) and Z is the center of U(g)/I . Since Z is a homomorphic image
of the center Z(g) of the enveloping algebra U(g), Z is a C-algebra of finite type. In [BoJo] it
is mentioned at the end of 8.6 that the map from z∗ to Max(Z): λ → I (J,λ) ∩ Z is a morphism
of algebraic varieties. It is easy to see that this is the same as to say that for each z ∈ Z the
function zmod I (J,λ) (regarded as function of λ) is a polynomial function on z∗, which we shall
determine.
As in Section 2.1 we fix a system of positive roots in such a way that the parabolic subalgebra
p of g contains the Borel subalgebra associated to this system of positive roots R+. With respect
to R+, we have the triangular decomposition of g: g = n− ⊕ h ⊕ n and we may regard the
untwisted Harish-Chandra homomorphism hc from Z(g) to S(h) (see 4.2).
We have the following lemma.
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hc(z)(ν + i(λ)). For given λ this scalar depends only on the image z¯ of z in Z.
Proof. If M is a highest weight module of g with highest weight μ, then the elements z of Z(g)
operate by a scalar on M . This scalar is given by (hc(z))(μ). The ideal I (J,λ) is the annihilator
of a highest weight module with highest weight ν+ i(λ). This implies that any central element of
U(g) operates as described in the lemma. For given λ this scalar depends only on zmod I since
I is contained in any I (J,λ). 
Notation 12.1.
(i) For λ ∈ z∗ we denote by χλ :Z → C the central character of I (J,λ)/I , i.e. χ(z¯) =
(hc(z))(ν + i(λ)).
(ii) We denote by ψ
 the homomorphism from Z to S(z) which maps any z¯ ∈ Z (z ∈ Z(g)) to
the polynomial function on z∗ :λ → hc(z)(ν + i(λ)).
Corollary 12.1.
(i) For any λ ∈ z∗ we have χλ = ev(λ) ◦ψ
 (where ev(λ) is the evaluation map in λ).
(ii) The homomorphism ψ
 :Z → S(z) is injective and finite.
Proof. (i) is immediate from the Lemma 12.1.
(ii) The finiteness follows from the finiteness of the untwisted Harish-Candra homomorphism.
If z ∈ Z(g) with ψ
(z¯) = 0 then we have z ∈ I (J,λ) for any λ ∈ z∗. This implies that z lies in I
and its image z¯ in Z is zero. Hence we get the injectivity. 
Corollary 12.2. The map from z∗ to Max(Z) given by λ → (I (J,λ)/I) ∩ Z is a finite algebraic
morphism which is surjective; its comorphism is ψ
.
Proof. Indeed we see from Lemma 12.1 that ψ
 is the comorphism of this map. Hence this
map is an algebraic morphism. Moreover by Corollary 12.2 it is finite and dominant, hence it is
surjective. 
The result of this Corollary 12.2 is already in [BoJo]. We give it here again for illustration.
Lemma 12.2. The homomorphism ψ
 is already defined over k and maps the center Z0 of
U(g0)/I0 into S(z0). If we denote this restriction of ψ
 to Z0 by ψ0
 then we have ψ
 = ψ
0 ⊗ idC.
Proof. Indeed, since ν(z0) ⊂ k and since the untwisted Harish-Chandra homomorphism is com-
patible with base change, ψ
 maps Z0 into S(z0) and we have ψ
 = ψ0
 ⊗ idC. 
Corollary 12.3. Let λ be in z∗. If I (J,λ) ∩ U(g0) = I0 then we have s(λ) 
= 0 for any nonzero
s ∈ S(z0).
Remark 12.1. The converse of this corollary holds by Proposition 11.3.
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to Z0 of the central character χλ :Z → C ⊂ U(g)/I (J,λ) is injective. Since χλ = ev(λ) ◦ ψ

the intersection of the kernel of ev(λ) :S(z) → C is with ψ
(Z0) is zero. Since ψ
(Z0) ⊂ S(z0)
and since S(z0) is finite over ψ
(Z0) (Lemma 12.2, due to the finiteness of the Harish-Chandra
homomorphism), the intersection of S(z0) with the evaluation map in λ ∈ z∗ is zero. 
We conclude with the following lemma.
Lemma 12.3.
(i) Z operates in the regular canonical module via ψ
.
(ii) The restriction of ϕ
 to Z coincides with ψ
 and the restriction of ϕ
0 coincides with ψ
0 .
Proof. Let us work over Q = FractS(z) instead over C, I ⊗CQ taking the role of I and Z⊗CQ
taking the role of Z. By Lemma 12.1 we see that Z ⊗C Q is operating in the rational canonical
module by ev(canQ) ◦ (ψ ⊗ idQ). The evaluation homomorphism ev(canQ) :S(z) ⊗C Q → Q
restricted to S(z) ⊗C C is just the inclusion of S(z) into Q. Hence Z is operating via ψ in the
rational canonical module and evidently in this way already in the regular canonical module. As
pointed out in Section 8, the representation of U(g)/I in the rational canonical module MQ,canQ
extends in a unique way to a representation of (U(g)/I )C(I). The restriction of this representa-
tion to C(I) gives ϕ
 :C(I) → Q and further restriction to Z gives ψ
 :Z → S(z) ↪→ Q. Hence
the restriction of ϕ
 to Z coincides with ψ
. In the same way, the restriction of ϕ
0 coincides
with ψ
0 . 
13. The “missing link”
As before k is the small base field as constructed in Section 10. Let us denote as before by T0
the nonzero elements of S(z0) (this is a countable multiplicative subset of S(g)) and (as in 3.2 and
in 11.1) by z∗T0 the set of all λ ∈ z∗ for which s(λ) 
= 0 for all s ∈ T0. This is in particular a dense
subset of z∗. From Section 9 we recall the identification of RI0(C) by jC with Homk-alg(C0,C)
(C0 is the heart C(I0) of I0). As usual, I (J,λ) is the annihilator of MC,λ in U(g).
Theorem 13.1. The map from z∗T0  Homk-alg(Q0,C)  Max(Q0 ⊗k C) to RI0(C) 
Homk-alg(C0,C)  Max(C0 ⊗k C) given by λ → ker(jC(I (J,λ)⊗ idC)(λ ∈ z∗T0) is an algebraic
map whose comorphism is ϕ
0 ⊗ idC.
We shall call this comorphism ϕ
0 ⊗ idC the missing link.
As in Section 11, we denote by evQ0(λ) the injective homomorphism from Q0 to C which is
the evaluation in the point λ. Indeed by assumption, no nonzero element of S(z0) has a zero in λ,
so the evaluation in λ makes sense for functions in S(z)T0 , and evQ0 is just the restriction of this
evaluation map on S(z)T0 to Q0 = Fract(z0). So let us remark, that the linear form λ factorizes
through Q0, namely we have in a trivial way that λ = evQ0(λ) ◦ canQ0 (canQ0 is in accordance
with the notation in Section 7 the “tautological” k-linear form from z0 to Q0 which is the identity
on z0).
We start with the following lemma.
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0.
Proof of Lemma 13.1. We recall (see Sections 8 and 10) that we have ϕ
0 = jQ0(IQ0(J0, canQ0))
(= jk,Q0(I0, IQ0(J0, canQ0) in Notation 5.1). Now we apply the last statement of Proposition 9.1
(this is the natural transformation property) with K = Q0, K ′ = C, P = IQ0(J0, canQ0) ⊂
U(g0 ⊗k Q0) and β = evQ0(λ) :Q0 → C. Then we get
jC
(
IQ0(J0, canQ0) ⊗(Q0,evQ0 (λ)) C
)= evQ0(λ) ◦ jQ0
(
IQ0(J0, canQ0)
)
.
Now, since λ = evQ0(λ)◦canQ0 we have by Corollary 6.2 that IQ0(J0, canQ0)⊗(Q0,evQ0 (λ)) C
is nothing else than IC(J0, λ). But by Remark 6.1 IC(J0, λ) (here is k the base field and C is
regarded as a k-algebra) is the same as the usual I (J,λ). This proofs the lemma. 
Proof of Theorem 13.1. We identify z∗T0 with Homk-alg(C0,C) and RI0(C) with Homk-alg(C0,
C). Then for λ ∈ z∗T0 the map in the theorem maps evQ0(λ) to jC(I (J,λ)). But the lemma
says that jC(I (J,λ)) = evQ0(λ) ◦ ϕ
0. So the map in the theorem identifies with: evQ0(λ) →
evQ0(λ) ◦ ϕ
0 (for λ ∈ z∗T0 ) and we get an algebraic map from Max(C0 ⊗k C)  Homk-alg(C0,C)
to Max(C0 ⊗k C)  Homk-alg(C0,C) whose comorphism is ϕ
0 ⊗ idC :C0 ⊗k C → Q0 ⊗k C. 
14. Hidden extended central characters
This section is to provide an illustration, making a link to the paper of the first author on
extended central characters [Bo].
Let ϕ
 be the canonical injection of C = C(I) (the heart of I ) into the field of fractions Q
of S(z). We know already from Section 12 that S(z) is finite over the image of Z. This implies
that C is a finite field extension of the field of fractions of Z. Let Z˜ denote the integral closure
of Z in C = C(I). Hence Z˜ is finite over Z.
We want to show that the covering degree of the sheet coincides with the degree of the exten-
sion Z ⊂ Z˜. The main idea is to parametrize minimal primitive ideals of U by homomorphisms
from Z˜ to C. If we associate to a primitive ideal such a homomorphism of Z˜ into C, we may call
this a “hidden extended central character.”
A minimal primitive ideal may have more than one extended central character. But there is a
unique one for primitive ideals intersecting U(g0) in I0.
By [BGR, 3.9] such primitive ideals are in one to one correspondence to k-algebra homomor-
phisms from C0 to C.
In particular, we may regard the ideals I (J,λ) with λ ∈ g∗ such that s(λ) 
= 0 for all s ∈ S(z0),
s 
= 0. By [BoJo, 5.2 and 4.8] (see also Jantzen [Ja]) these ideals I (J,λ) are primitive.
We recall the definition (see Section 9; here I , g and C are replaced by I0, g0 and C0) of the ra-
tional ideal Iˆ0 of U(g0)⊗k C0: This ideal is just the kernel from U(g0)⊗k C0 to Q(U(g0)/I0)C0,
where U(g0) goes to U(g0)/I0 and C0 goes to C0 by the identity.
Proposition 14.1. Let λ ∈ z∗ with s(λ) 
= 0 for all s ∈ S(z0), s 
= 0. Let us denote (for short) by
αλ the “evaluation homomorphism” evQ0(λ) from Q0 to C given by αλ(z) = λ(z) for z ∈ z. Then
we have:
(i) The ideal I (J,λ) is primitive.
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(iii) The homomorphism from C0 to C corresponding to I (J,λ) is αλ ◦ ϕ
0.
(iv) I (J,λ) = Iˆ0 ⊗(C0,αλ◦ϕ
0) C.
This proposition fits very nicely with the crucial diagram in [BoJo, p. 152].
For illustration we explain that the above primitive ideals have a hidden extended central
character. Let Z˜0 denote the integral closure of Z0 in C0. Then Z˜0 ⊗k C is integrally closed, and
hence we have Z˜ = Z˜0 ⊗k C. In particular we have that Z˜ is included in C0 ⊗k C . Hence any
k-homomorphism of C0 into C defines a C-homomorphism of C0 ⊗k C into C and this again
defines by restriction to Z˜ a homomorphism from Z˜ to C.
Thus the k-homomorphism αλ ◦ϕ
0 from C0 to C plays the role of an (hidden) extended central
character and this homomorphism depends only on the primitive ideal I (J,λ) (λ ∈ z∗T0 ) and not
on λ itself.
By enlarging the field k to another algebraically closed subfield, we may suppose that the
open subset of z∗ in the diagram in [BoJo, p. 152] is already contained in z∗T0 ; indeed such an
open subset contains a special open subset defined by a nonzero element s of S(z) and we may
suppose that this element is already in S(z0).
In [BoJo] z∗ is identified with z (by the Killing form). We prefer here the notation z∗ and so
we denote the corresponding open set of z∗ by z∗′ (in [BoJo] denoted by z′).
Concerning the proposition: For (i) and (ii) see just Proposition 11.2. Also (iii) and (iv) can
easily be deduced from previous sections.
15. The conclusion
15.1. On the Weyl-group operation
Let Wz denote the subgroup of the Weyl group W of (g,h) leaving stable z. If α is a root of
g we denote by sα the corresponding reflection of h∗, namely sα(λ) = λ− λ(hα)α where hα ∈ h
is the coroot corresponding to α. Let B ′ be the basis of the positive roots of the semisimple part
[l, l] of l and let W ′ be the subgroup of W generated by the sα’s with α ∈ B ′.
As in Section 6, let us denote by h1 the intersection of h with [l, l]. Then h1 is the Killing-
orthogonal complement of z. We still denote by i the injection of z∗ into h∗ (by extending the
elements of z∗ by 0 on h1 = h∩[l, l]) and we denote by i1 the injection of h∗1 into h∗ (by extending
the elements of h∗1 by zero on z). Then h∗ is the Killing-orthogonal sum of the two subspaces
i(z∗) and of i1(h∗1). It is evident that the elements of W ′ leave stable i1(h∗1) and operate trivially
on i(z∗). Hence by restriction to h∗1, W ′ identifies with the Weyl group of ([l, l],h1).
Let (as before) ρ be the half sum of positive roots R+, let R+′ be the set of positive roots given
by positive weight spaces of l, ρ1 be the half sum of the elements of R+′ (= ρB ′ in [BoJo]), and ρ′
the half sum of elements in R+ \R+′. Then we have ρ = ρ′ +ρ1 with ρ′ ∈ i(z∗) and ρ1 ∈ i1(h1).
For elements of Wz the shifted Weyl group operation passes to z∗. As in [BoJo], we write
this operation as w : λ meaning w(λ + ρ¯′) − ρ¯′ = w(λ + ρ¯) − ρ¯, where ρ¯′ = ρ¯ is the common
restriction of ρ and of ρ′ to z. (In case we identify z∗ with its image i(z∗) in h∗ then this operation
becomes w: λ = w(λ+ ρ′) − ρ′; which is the expression used in [BoJo]).
Here we prefer to work with z∗. The subgroup W ′ of Wz is a normal subgroup of Wz. Since
Wz is operating trivially in z∗ the quotient Wz/W ′ is operating on z∗. On the other hand, the quo-
tient Wz/W ′ can be “identified” with Dynkin-diagram automorphisms of U(l) (see [BoJo, 8.6]).
342 W. Borho, R. Rentschler / Journal of Algebra 304 (2006) 324–348Especially Wz/W ′ is operating in a natural way on the set of ideals of U(l) and on the central
characters of U(l).
15.2. The subgroups H and F of Wz/W ′ defined by [BoJo]
Now we assume that the ideal J is a completely rigid and distinguished primitive ideal of
U(l) (“distinguished” means that J contains z, see Section 2.1).
Then H is defined as the stabilizer in Wz/W ′ of the central character of J and F is defined as
the stabilizer in Wz/W ′ of the ideal J itself. In particular we have F ⊆ H . The definition of H
that appears in [BoJo] is given in a slightly different way, but it can easily be seen that the two
definitions coincide.
[BoJo, 8.6] shows especially the following:
Proposition 15.1.
(i) The map from z∗ to Max(Z) which associates to any λ ∈ z∗ the intersection of I (J,λ) with
Z is a morphism of algebraic varieties which is invariant under the “:” operation of H and
it induces a birational map from z∗/H: onto Max(Z).
(ii) There exists a dense open H:-invariant subset (z∗)′ of (z∗) such that I (J,λ) is primitive
for λ ∈ (z∗)′ and that for λ,μ ∈ (z∗)′ one has I (J,λ) = I (J,μ) if and only if λ and μ are
conjugate under the operation of F:.
Remark. The first part can be proved without too much difficulties. The invariance of the sec-
ond map under the H:-operation comes from some invariance of the so-called twiddle-induction
(see [BoJo, Lemma c) in 5.4]). The really tricky part is the injectivity modulo F: in the second
part, which is deduced from a rational proportionality (see [BoJo, 2.10]) of certain Goldie-rank
polynomials.
15.3. The conclusion: Proof of Theorem 1.1
In this subsection, k is the small subfield of C constructed in Section 10.
In the case of sheets (J completely rigid) we know from Proposition 15.1 (result of [BoJo])
generically the fibres of the map from z∗T0 to RI0(C) and to Max(Z) with help of the groups F
and H . Theorem 13.1 then allows to conclude (i.e. to obtain Theorem 1.1) in the following way:
Proof of Theorem 1.1, first step. We take the commutative diagram from below on p. 152 of
[BoJo, 8.6]
(z∗)′/F:
ϕ
S′
(z∗)′/H:
ψ
(MaxZ)′
In this diagram, (z∗)′ is an open subset of z∗ on which F: operates without fixed points (in
[BoJo] z∗ is identified with z via the Killing-form). (MaxZ)′ is a suitable open subset of MaxZ
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pletely rigid primitive (distinguished) ideal J and S′ is a suitable open subset of the sheet.
The upper horizontal map is a homeomorphism induced by I (J, ?). The left vertical map is
the canonical projection which is an unbranched covering of algebraic varieties, the right vertical
map is just taking intersections. The lower horizontal map is the map which makes the diagram
commutative; the choices are made in such a way, that this map is an isomorphism of algebraic
varieties.
Taking a suitable restriction, we can assume that (z∗)′ is affine, implying that also (MaxZ)′
is affine.
From Corollary 12.2 we know, that the morphism of the lower horizontal line is induced from
ψ
 :Z → S(z) (for the definition of ψ
 see Notation 12.1). Moreover we know from Lemma 12.2
that we have
ψ
 = ψ
0 ⊗ idC :Z0 ⊗k C → S(z0) ⊗k C.
By restricting further the above diagram, we may suppose that (z∗)′ is a special open set D(s)
of z∗ for some H:-invariant element s ∈ S(z). So s is in the fraction field of ψ
(Z) and we may
even suppose that s = ψ
(z) for some z ∈ Z. This implies that (MaxZ)′ = Max(Zz) and ψ

induces an isomorphism from Zz to (S(z)H:)s .
By choosing the subfield k of C (in Section 10) in a suitable way, we may further suppose that
z ∈ Z0 (hence s ∈ T0).
By restricting the above diagram now to z∗T0/F: and by denoting the corresponding restrictions
of ϕ and ψ by ϕres and ψres we get a diagram:
z∗T0/F:
 S′ ∩RI0(C) ↪→ RI0(C) = Max(C0 ⊗k C)
ϕres
z∗T0/H:
 Max(ZT ′0)








ψres
where T ′0 denotes the nonzero elements of Z0.
By Theorem 13.1 we know that the composed map z∗T0/F: = Max(Q
F:
0 ⊗k C) → Max(C0 ⊗k
C) in the upper horizontal line is algebraic with comorphism
ϕ


0 ⊗ idC :C0 ⊗k C → QF:0 ⊗k C.
Let us mention that the C-algebra C0 ⊗k C is the algebra C1 in the outline of the proof in
Section 3.1. 
Before concluding the proof of Theorem 1.1 we formulate the main point of this article which
assures that the heart C of I is sufficiently large that it is mapped by the canonical injection ϕ

onto all F:-invariant rational functions on z (= QF: ):
Proposition 15.2.
(i) The small canonical injection ϕ
0 maps the heart C0 of I0 onto (Q0)F: .
(ii) The canonical injection ϕ
 maps the heart C of I onto QF: .
344 W. Borho, R. Rentschler / Journal of Algebra 304 (2006) 324–348Proof. (i) We know that the composed map (z∗)T0/F: → Max(C0 ⊗k C), which is an algebraic
morphism, is injective. Since
ϕ


0 ⊗ idC :C0 ⊗k C → QF:0 ⊗k C
is injective, the above algebraic morphism is also dominant; hence the map z∗T0/F: →
Max(C0 ⊗k C) is birational (we are working in characteristic zero).
So we deduce that ϕ
0(C0) = (Q0)F: . The point (ii) is an immediate consequence from (i). 
Proof of Theorem 1.1, second step. Since the lower horizontal map in the diagram above is an
algebraic isomorphism we have Fract(ψ
0(Z0)) = (Q0)H: (see also [BoJo]) and we recall that ψ
0
coincides with the restriction of ϕ
0 to Z0.
Since H acts effectively on z, we have [H : F ] = [(Q0)F: : (Q0)H: ]. From the above situation
we now deduce (using Proposition 15.1):
[H : F ] = [(Q0)F: : (Q0)H:
]= [C0 : Fract(Z0)
]= [C : Fract(Z)].
But the last term is the degree of the heart and the first term is (following [BoJo]) the covering
degree of the sheet. So both coincide and we get Theorem 1.1. 
We conclude this section with the following Conjecture which would generalize our main
result Theorem 1.1:
Conjecture 15.1. Let I be a prime ideal of the enveloping algebra of a semisimple Lie algebra g.
Let Z be the center of U(g)/I , C the heart of I and π the canonical projection (i.e. taking
intersections) from Primmin(U(g)/I ) to Max(Z). Then there exists a nonempty open subset of
Max(Z) such that the cardinality of the fibers of π over this open set is constant and is equal to
the (finite) degree of the field extension C over the fraction field of Z.
In case that I is the defining prime ideal of a sheet, the cardinality of the fibers over a suitable
nonempty open subset of Max(Z) coincides indeed with the covering degree c of the correspond-
ing sheet, as pointed out in the beginning 8.7 of [BoJo], where they say “In fact, c is the number
of minimal prime ideals containing a(U(g)/I ) for a generic maximal ideal a of Z.” Hence this
conjecture would generalize our Main Theorem (Theorem 1.1).
15.4. A generalization
Let us assume now that the ideal J is not necessarily completely rigid, but a least rigid (and
distinguished). Then we can still form S = X¯p(J, z∗) as in 2.3 and call it a “partial sheet”—
generalizing the notion of a sheet. It was already noted in [BoJo, 8.12] that the whole notion of a
covering of sheets generalizes in fact to partial sheets, and the results go over. We note that also
Theorem 1.1 generalizes to I = Ip(J, z∗) =⋂S for partial sheets by the same proof as above,
since we did not use that J be completely rigid. As pointed out in [BoJo, 8.12] one can get much
richer coverings for partial sheets.
We would like to mention, that the example in [Re] does not enter in the framework of the
present paper. The prime ideal constructed there in U(sl4) does not even correspond to such a
partial sheet.
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We finish with some questions in the general case.
Let I be a prime ideal in an enveloping algebra U(g) of a finite-dimensional Lie algebra g
over an algebraically closed field of characteristic zero. An element u in U(g)/I is called a semi-
invariant if there exists λ ∈ g∗ such that ad(x)(u) = λ(x)u for any x ∈ g. If u,v ∈ U(g)/I are
nonzero semi-invariants of the same weight λ, then uv−1 is in the heart of I (nonzero semi-
invariants are automatically nonzero divisors).
The Dixmier problem on hearts in its general formulation asks, whether any element in the
heart of I is the quotient of two semi-invariant elements in U(g)/I with the same weight. This
is true, for instance, if g is solvable, or if I = 0 (any g) (see [RV]).
However it is not true in general. As we have shown, there are counterexamples already for g
semisimple (Theorem 1.1 and [BoJo, 8.8, 8.9]).
Since rational ideals in U(g) are primitive (see [Moe]) we may weaken the Dixmier problem
in the general case to the following question:
Question 16.1. Let I be a prime ideal of an enveloping algebra U(g) (g is as above a finite-
dimensional Lie algebra over an algebraically closed field of characteristic zero). Suppose that
for any λ ∈ g∗ the subspace formed by the semi-invariants in U(g)/I with weight λ is of dimen-
sion at most one. Does this imply that I is primitive?
Let us point out that the converse always holds, since a primitive ideal is rational (by Quillen’s
lemma).
Let us remark that this question has a positive answer in the semisimple case, since any prime
ideal which intersects Z(g) in a maximal ideal is primitive (k algebraically closed). The answer
is also positive for I = 0 (any g), as pointed out above, or see also, for instance, Theorem 3.1
of [DNO].
For any prime ideal I in U(g) we put D(I) to be the subset of all elements of the heart C(I)
which are quotients of two semi-invariants of U(g)/I with the same weight. It is not hard to see
that this D(I) is a subfield of C(I). By [RWS], C(I) as well as D(I) are field extensions of the
base field k of finite type.
By usual base field extension arguments one can see that a positive answer to the above ques-
tion (g fixed, but k and I variable) is equivalent to say, that C(I) is an extension of finite degree
of D(I) (g fixed, but k and I variable).
If u ∈ U(g)/I is a nonzero semi-invariant, then we put Z(u) = the center of (U(g)/I )u and
we denote by Z˜(u) its integral closure in C(I). With this notation we ask the following:
Question 16.2. We ask whether the following is true:
Let I be a prime ideal in an enveloping algebra of a Lie algebra g over an algebraically closed
field k of characteristic zero. Then there exists a nonzero semi-invariant element u ∈ U(g)/I such
that:
(i) the natural map (intersection)
Primmin
((
U(g)/I
)
Z˜(u)
)→ Primmin(U(g)/I)
u
is a homeomorphism;
346 W. Borho, R. Rentschler / Journal of Algebra 304 (2006) 324–348(ii) the natural map (intersection) Primmin((U(g)/I )Z˜(u)) → Max(Z˜(u)) is a homeomor-
phism.
We are able to show that the answer is positive if k = C and g is semisimple and if moreover
I is the defining ideal of a sheet. In the solvable case, we always have C(I) = D(I), and the
conjecture is true by [BGR, Satz 7.1] (moreover in this situation, there is no need to pass to the
integral closure).
This conjecture would allow to endow the minimal primitive spectrum of (U(g)/I )u for a
suitable nonzero semi-invariant element u of U(g)/I with the structure of an affine algebraic
variety, canonically isomorphic to Max(Z˜(u)). Moreover one could ask (if the answer to the
previous question is positive) whether one can choose u in such a way, that any minimal primitive
ideal of (U(g)/I )Z˜(u) is centrally generated.
The study of the case of sheets for semisimple Lie algebras and the knowledge of the solvable
case lead us to ask the two above questions.
17. List of notations and definitions
U(?), enveloping algebra, abstract;
Q(?), total ring of fractions, 1.1, 5;
C(?), heart of a prime ideal, 1.1;
sheet, 1.2;
Z(g), center of U(g), 1.3;
Max(?), maximal spectrum, 1.3, 4.1, 5;
Z, center of U(g)/I (I given), 3.1, 6;
covering degree of a sheet, 1.3;
z∗, the dual, 2.1;
Cλ, 2.1;
R, root system of (g,h), 2.1;
R+, a system of positive roots, 2.1, 4.2;
Ip(J,λ), 2.1;
L′(ν), 2.1, 6;
distinguished primitive ideal, 2.1;
S(?), symmetric algebra, 2.1;
R(z∗) (= S(z)), algebra of regular functions
on z∗, 2.1;
Ip(J, z
∗), 2.1;
regular canonical module, 2.1, 7;
rigid primitive ideal, 2.2;
completely rigid primitive ideal, 2.2;
Xp(J, z
∗), 2.2;
X¯p(J, z
∗), 2.2;
z∗prim, 3.1;
W the Weyl group, 3.1, 4.2;
Wz, 3.1;
Prim(?), primitive spectrum, 3.1, 4.1, 5;
Fˇ , 3.1;
Hˇ , 3.1;
ρ, half sum of positive roots, 3.1, 4.2;
“:”-action, 3.1;
W ′, 3.1, 15.1;
F (= Fˇ /W ′), 3.1, 15.2;
H (= Hˇ /W ′), 3.1, 15.2;
D(s), 3.1;
T0, 3.2, 11, 13;
z∗T0 , 3.2, 11, 13;
Fract(?), field of fractions (commutative
case), 3.2;
FractS(z), rational function field of z∗, 3.2;
Homk-alg, 3.2;
⊗(A1,α), 4.1;
Z(g), center of the enveloping algebra U(g),
4.1;
adg, adjoint operation, 4.1;
UA(?), enveloping algebra over A, 4.1;
⊗Δ tensor product of representations, 4.1;
algebraic map, 4.1;
gα , weight space, 4.2;
hα , coroot of a root α, 4.2;
n−, 4.2;
n+, 4.2;
Pr, 4.2;
hc, untwisted Harish-Chandra homomor-
phism, 4.2;
U(g)h, 4.2;
w.μ (“dot-action”), 4.2;
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j (P1,P2), 5;
jk,K(P1,P2), 5;
jK(P1), 5, 9;
jˇM , 5;
Rat(?), spectrum of rational ideals, 5;
Primmin(?), spectrum of minimal primitive
ideals, 5;
m−, unipotent radical of the opposite par-
abolic, 6.1;
U(?), instead of UA(?), 6.1;
h1, 6.1;
Aλ, 6;
MA,λ, 6.1;
i(λ), extension of λ by zero on h1, 6.1, 15.1;
Mλ, 6.1;
M(ν + λ), 6.1;
IA(J,λ), 6.1;
I (J,λ) (= Ip(J,λ)), 6.1;
R′, root system of (l,h), 6.2;
Q = FractS(z), 7;
can, tautological k-linear form on z with tar-
get S(z), 7;
canQ, tautological k-linear form on z with
target Q = FractS(z), 7;
MS(z),can, regular canonical module, 7;
MQ,canQ , rational canonical module, 7;
IS(z)(J, can), canonical prime ideal, 7;
IQ(J, canQ), canonical rational ideal, 7;
ϕ
, 8;
ϕ


k,I , 8;
Iˆ , 8;
RI (?), 9;
jK(?), 9;
g0, 10;
z0, 10;
J0, 10;
I0, 10;
Z0, center of U(g0)/I0, 10;
C0, heart of I0, 10;
ϕ


0, 10;
primitive ideals in very generic position, 11;
κ , 11;
ev(λ), 11;
evQ0(λ), 11;
j?, the family of jK ’s (K a field extension
of k), 11;
ψ
, 12;
ψ


0 , 12;
χλ, 12;
canQ0 , 13;
MQ0,can0 , the small rational canonical mod-
ule, 13;
Z˜, integral closure of Z in C(I), 14;
Iˆ0, 14;
αλ (= evQ0(λ)), 14;
B ′, 15.1;
ρ′, 15.1;
ρ1, 15.1;
ρ¯, 15.1;
ρ¯′, 15.1;
i1, injection on h∗1 into h∗ by zero extensions
on z, 15.1;
T ′0, 15.3;
D(I), 16;
Z(u), 16;
Z˜(u), 16.
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